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Abstract 

The aim of this paper is to develop on the 1-jet space J^(R, A/") 
the Finsler-hke geometry (in the sense of distinguished (d-) connection, 
i-S^ ■ d-torsions, d-curvatures and some gravitational-hke and electromagnetic- 

like geometrical models) attached to the (t, a;)-conformal deformation of 
the Berwald-Moor metric. 
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1 Introduction 

The geometric-physical Berwald-Moor structure ([S], [H], [TT]) was inten- 
sively investigated by P.K. Rashevski ([18,) and further fundamented and de- 
veloped by D.G. Pavlov, G.I. Garas'ko and S.S. Kokarev (^1^, [H], [5], [II]). 
At the same time, the physical studies of Asanov ([!]) or Garas'ko and Pavlov 
([8]) emphasize the importance of the Finsler geometry characterized by the 
total equality in rights of all non-isotropic directions in the theory of space-time 
structure, gravitation and electromagnetism. For such a reason, one underlines 
the important role played by the Berwald-Moor metric 

F : TM -> M, F{y) ^ ^2/^2/^-2/", " > 2, 

whose tangent Finslerian geometry is studied by geometers as Matsumoto and 
Shimada ([9]) or Balan ([3]). In such a perspective, according to the recent 
geometric-physical ideas proposed by Garas'ko in W and [6 , we consider that a 
Finsler-like geometric-physical study for the (t, a;)-conformal deformations of the 
jet Berwald-Moor structure is required. Consequently, this paper investigates on 
the 1-jet space J"'^(K., M") the Finsler-like geometry (together with a theoretical- 
geometric gravitational field-like theory) of the (t,x)-conformal deformation of 
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the Berwald-Moor metri^ 

F{t, X, y) = e-(-) ^hW) ■ [ylvl-y'^] " , (1.1) 

where <t{x) is a smooth non-constant function on Af", h^^{t) is the dual of a 
Riemannian metric hii(t) on R, and 

it,x,y) = {t,x^,x'^,...,x"',yl,yl,...,y") 

are the coordinates of the 1-jet space J^(R, M"), which transform by the rules 
(the Einstein convention of summation is assumed everywhere): 

t = t{t), X^=X\X^), yl = —^.yl (1.2) 

where i,j = l,n, rank [dx^/dx^] — n and dt/dt / 0. Note that the particu- 
lar jet Finsler-like geometries (together with their corresponding jet geometri- 
cal gravitational field-like theories) of the (i, a;)-conformal deformations of the 
Berwald-Moor metrics of order three and four are now completely developed in 
the papers [13] and [l4] . 

Based on the geometrical ideas promoted by Miron and Anastasiei in the 
classical Lagrangian geometry of tangent bundles ([TO]), together with those 
used by Asanov in the geometry of 1-jet spaces ([!]), the differential geome- 
try (in the sense of d-connections, d-torsions, d-curvatures, gravitational and 
electromagnetic geometrical theories) produced by an arbitrary jet rheonomic 
Lagrangian function L : J^(R, M") — ^ M is now exposed in the monograph [4]. 
In what follows, we apply the general jet geometrical results from book [4] to 
the (t, a;)-conformal deformed jet Berwald-Moor metric (jl.ip . 



2 The canonical nonlinear connection 

Let us rewrite the (t, a;)-conformal deformed jet Berwald-Moor metric (|l.ip 
in the form 

F{t. X, y) = e^(--) ./h^ ■ [Gi[„] (y)] , 

where 

Gi[„](2/) ^yiJ/^.-yr- 
Hereinafter, the fundamental metrical d-tensor produced by the metric (jl.ip is 
given by the formuleU (see [4]) 

* .defh^lit) d^F^ _ 



2 dyldyi 



^We assume that we have yj^y^...y" > 0. This is a domain of existence where we can 

y-difEerentiate the Finsler-lilse function F{t,x,y). 

^Throughout this paper the Latin letters i, j, k, m, r, ... take values in the set {1, 2, ...n}. 
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yivi 



where we have no sum by z or j. Moreover, the matrix g = admits the 

inverse — {g^'^), whose entries are 



Jk 



-2a{x)i 



(2 - nJ^")G-^("yiy^ (no sum by j or k). 



(2.2) 



Let us consider that the Christoffel symbol of the Riemannian metric /iii(t) 
on M is 

where h^^ — l/hn > 0. Then, using a general formula from [4| and taking into 
account that we have 

dGi[n] _ Gi[n] 

dy\ y\ 

we find the following geometrical result: 

Proposition 2.1 For the (t, x)-conformal deformed Berwald-Moor metric U.l\) . 
the energy action functional 



i]{t,x{t))^ [ F^it,x,y)y/hridt= f e^<^^ [y\vl..vl\"'' ■ h^^ ^^dt, 

J a J a 

where y — dx/dt, produces on the 1-jet space J^{R, M") the canonical non- 
linear connection 



r = 



(2.3) 



where 



da 
dx^ 



Proof. For the energy action functional E, the associated Euler-Lagrange equa- 
tions can be written in the equivalent form (see |3]) 



dt^ 



2i/;;5, (t, x^y'i) + 2Gj3, {t, x\ yl) = 0, 



(2.4) 



where the local components 



H, 



and 



G 



(i) def hug 



{i) dej _ 1 
(1)1 " 2 

92^2 



(1)1 



dx'^dyr' dxP dtdyf 



Qp2 ^ 



2 W) 



represent, from a geometrical point of view, a spray on the 1-jet space (K, M") . 

Therefore, the canonical nonlinear connection associated to this spray has 
the local components (see [1]) 



« ,r(i) d-ef (i) 
^^^(1)1 - ^^(1)1 



(i) def 



na^y{5) 



* 

3 The Cartan canonical F-linear connection. Its 
d-torsions and d-curvatures 

The nonlinear connection (12.31) produces the dual adapted bases of d-vector 
fields (no sum by i) 

and d-covector fields (no sum by i) 

{dt ; dx' ; Syi = dy{ - K\^y\dt + naiy\dx'] C X*{E), (3.2) 

where E = J^(M, M"). The naturalness of the geometrical adapted bases (13.11) 
and p.2p is coming from the fact that, via a transformation of coordinates (|1.2p . 
their elements transform as the classical tensors. Therefore, the description of all 
subsequent geometrical objects on the 1-jet space J^(IR, M") (e.g., the Cartan 
canonical linear connection, its torsion and curvature etc.) will be given in 
local adapted components. Consequently, by direct computations, we obtain 
the following geometrical result: 

Proposition 3.1 The Cartan canonical T-linear connection, produced by the 
(i, x)-conformal deformed Berwald-Moor metric lil.l]} . has the following adapted 
local components (no sum by i, j or k): 

CT = {k\„ G], = 0, L)^ = nb%a.,, cJ^J = C}, • , (3.3) 

where 
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The adapted components of the Cartan canonical connection are given by 
the formulas (see [4]) 



^i(i) dg g^ ( dg^ ^ dgj^ _ dg^\ ^ g^dg^ ^ jA_ 



where we also used the equality 



Remark 3.2 It is important to note that the vertical d-tensor C^^jJ^ also has 
the properties (see also f^, JIS}/ and 114V - 

cf,\^Cl\'\, cf\yT^O, C7^V=0, C7i,V =0, (3.4) 
with sum by m, where 

^1(1) def'^^-U^k) r(l)j-l ^1(1) J- r r^lW t r 

m\j ~ Sx3 ~ r{k)^tj ~ ^i{r)^kj- 

Proposition 3.3 The Cartan canonical connection of the {t,x)-conformal de- 
formed Berwald-Moor metric (OUP has two effective local torsion d-tensors: 



,'■(1) 



p' y^> „ ( 2 (5^ + + \ yl 



where 



^'^ ■ dxvdx'i ■ 



Proof. Generally, an h-normal T -linear connection on the 1-jet space J^(R, A^f") 
has eight effective local d-tcnsors of torsion (for more details, see j^). For the 
Cartan canonical connection p.3p these reduce only to two (the other six are 
zero) : 

[r) def <^^\l)i _ ^^^^(1)3 r(l) def 

Wij (5a:* ' ■ 
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Proposition 3.4 The Cartan canonical connection of the {t,x)-conformal de- 
formed Berwald-Moor metric il.l]) has three effective local curvature d-tensors: 



Proof. Generally, an h-normal T -linear connection on the 1-jet space J^(M, M") 
has five effective local d-tensors of curvature (for more details, see [4]). For the 
Cartan canonical connection p.3p these reduce only to three (the other two are 
zero); these are 

~ 5x^ 5x^ +-^ij-^rk ^ik^rj + ^i(r)^(l)jk^ 

pi (1) de_f dL[j^ _ ,(1) ,(1) (^) (1) _ 

~ dyk ^imj'^^iir)Ui)j{k) - ^mij' 

'^*(j)(fe) ~ Qyk Q ] + '-'^O) W(fe) '-'jWWo)' 



where we used the equality 



p{r) (1) deJ _ rr _ n 



4 Field-like geometrical models associated to the 
(t, x)-conformal deformation of the Berwald- 
Moor metric 

4.1 Gravitational-like geometrical model 

The {t, a;)-confornial deformed Berwald-Moor metric (jl.ip produces on the 
1-jet space J^(R,M") the adapted metrical d-tcnsor (sum by i and j) 

G = hiidt ®dt + lijdx^ ® dx^ + h^^hj^Vi ® Syl, (4.1) 

where g^j is given by (|2.1I) . and we have 

(5?/2 = dy\ — K^j^j/J^dt -I- naiuldx^ (no sum by i). 

From an abstract physical point of view, the metrical d-tensor (|4.ip may be 
regarded as a "non-isotropic gravitational potential". In our geometric-physical 
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approach, one postulates that the non-isotropic gravitational potential G is 
governed by the following geometrical Einstein-like equations: 



Ric (cr) - ^^S^G=1CT, 



(4.2) 



where 



♦ Ric (Cr) is the Ricci d-tensor associated to the Cartan canonical linear 
connection 



♦ Sc (cr) is the scalar curvature; 

♦ /C is the Einstein constant and 7" is the intrinsic non-isotropic stress-energy 
d-tensor of matter. 



Therefore, using the adapted basis of vector fields (|3.ip . we can locally de- 
scribe the global geometrical Einstein-like equations (|4.2I) . Consequently, some 
direct computations lead to: 



Lemma 4.1 The Ricci tensor of the Cartan canonical connection CT of the 
{t,x)-conformal deformed Berwald-Moor metric lll.l]) has the following two ef- 
fective local Ricci d-tensors (no sum by i, j, k or I): 



R^ 



■n 1,'"' 
O'jm j , 

0, 



i 7^ j 



(4.3) 



S, 



(i)(i) 



1 

n 



1 - 



ylvi 



Proof. Generally, the Ricci tensor of the Cartan canonical connection CT pro- 
duced by an arbitrary jet Lagrangian function is determined by six effective local 
Ricci d-tensors (for more details, see pj). For our particular Cartan canonical 
connection p.3|) these reduce only to the following two (the other four are zero): 



Ri 



def 



Dm ''J 



T r r m 

ij rm 



TV T ra 

im rj 



^,m{l) p(r) 



c(l)(l) def 



^m(l)(l) ^ ^'-'lU) 



Qr{l) ^m(l) _ 
i(m) r(j) 



dCi 



m(l) 



QyTn 

with sum by r and m. 



^r(l) ^m(l) 
i(m) r{j) ' 
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Lemma 4.2 The scalar curvature of the Cartan canonical connection CT of 
the {t,x)-conformal deformed Berwald-Moor metric ^1-1]) has the value 



where 



Sc {CT) = -e-2-G7j'{" [AnYii + (n^ - 3n + 2) hu] , 

n 



p,g=i 



Proof. The scalar curvature of the Cartan canonical connection (|3.3p is given 
by the formula (for more details, see [D) 



The local description in the adapted basis of vector fields p.ip of the global 
geometrical Einstein-like equations ()4.2p is given by (for more details, see [4]): 

Proposition 4.3 The geometrical Einstein-like equations produced by the 
(t,x)-conformal deformed Berwald-Moor metric il.l}) are locally described by: 



R,. 



2nYii 



-3n + 2 



hii 



2nYii + hii 



hii = /CTii 

He 

9v = ICTtj 



-2cr(^-2/ 



2nYii H hii 



(1) 



^111 -rr(i)(i) 



(4.4) 



o = rH, = 7^1, o^x^ji 



0-7-(i) 



(i)l 

Q _ 7- (1) Q _ 7-(l 



Corollary 4.4 The non-isotropic stress-energy d-tensor of matter T satisfies 
the following geometrical conservation laws (sum by m): 



q-l I q-m , -t-I,™, 
'1/1 'llm + '(1)1 



(m)|(l) _ 
(1)1 l(m) - 







^ 'i\m 



7-1(1) -7-"HJ-; 1 T-l" 

(i)/l (1)(«) '(™) 



-r(™)|(i) 

'(l)i l(m) 



^(1) 



-(m)(l)|(l) _ 



where (sum by r): 

11/ /iiiTii = /c-^e-^-c; 



2nYii 



- 3n + 2 



aili 



/ill 
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rr 5"'-r.i = 0, tI;^} hng-'^W = 0, h^^Tu = 0, 



- 3n + 2 



^(rn) def *mrn-{T^) _ n 7-1(1) de/ (1) _ T-m(l) de/ 



'(l)i 



^(m)(l) de/ *™r-r(l)(l) 



W ~ " 'IW 
l[n 



(0 



7-(i) _0 



71-2 y5" 
n y\ 



n2 - 5n + 6 , 
^nYii H /ill I <5, 



a«c? we also have (summation by ni and r, hut no sum by i) 

ri 

'1/1- 5t 



'1 /I - 'iim - T~;;r + 'i -'^r 



^(m)|(l) de/ ^^1)1 _(r) ^m(l) _ ^^1)1 
'(1)1 l(m) — QyTU + '(l)l'-^r(m) " Qy-m ' 



Gr 



5t 



^(m)|(l) d^/ '^^1)» , ^(r)^m(l) _ r(l) _ '^^1)» _ ^(™)^r(l) 

'(l)i l(m) ~ QyTTi ~^ '(l)i^r(m) '(l)r^i(m) ~ Qytn ' (l)r^i(m)^ 



ST 



1(1) 



sr 



^l(l) '^_g/ ' (') I o-rl(l),^l T-™(1) de/ (i) ^il)j-m n-^W r r 

(»)/l ^ 5f («) 11' ' (i)l™ ~ 5a;™ (i)-^™ ' (r) ^im' 

a-7-(™)(l) Q7-(™)(1) 
^(m)(l)|(l) de/ ^;_Vl)(l)_ , T-(r-)(l)^m(l) _ ^-(m) (1) ^r(l) _ " ' (im 
l{im k™) ~ + '(1)(«) '-'Km) '(1)('-) ^«(™) 



Proof. The local Einstein-like equations (I4.4[) . together with some direct com- 
putations, lead us to what we were looking for. Also note that we have (sum- 
mation by m and r) 

^(m)(l)^r(l) _ „ 
l{l)(r) ^»(m) - 
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4.2 Electromagnetic-like geometrical model 

In the book [3] , a geometrical theory for electromagnetism was also created, 
using only a given Lagrangian function L on the 1-jet space J^(IR,M"). In the 
background of the jet single-time (one-parameter) Lagrange geometry from [3], 
one works with the following non-isotropic electromagnetic distinguished 2-form 
(sum by i and j): 

¥ = F\^l5y\/\dx\ 

where (sum by m and r) 



WJ 



This is characterized by some natural geometrical Maxwell-like equations (for 
more details, see [10 and |3]). 

Remark 4.5 The Lagrangian function that governs the movement law of a par- 
ticle of mass TO ^ and electric charge e, which is displaced concomitantly into 
an environment endowed both with a gravitational field and an electromagnetic 
one, is given by 

Lit,x^y1) = mch'\t) (^,,-(x'=) yU + ^^^(t,^') vl (4-5) 

where 

• the semi-Riemannian metric ^Pij{x) represents the isotropic gravita- 
tional potential; 

• A'^^^it^x) are the components of a d-tensor on the 1-jet space J^{R,M") 
representing the electromagnetic potential. 



Note that the jet Lagrangian function i4.5\ ) is a natural extension of the 
Lagrangian (defined on the tangent bundle) used in electrodynamics by Miron 
and Anastasiei Jl 01. In our jet Lagrangian formalism applied to the 
electromagnetic-like components become classical ones (see 



2m ^ dx^ dx' 

Moreover, the second set of geometrical Maxwell-like equations reduce to 
the classical ones too (for more details, see \10^ . \^)'- 

V i^^'^ -0 

{i,3M 



where 



p(l) ^ ""^(^b- _ ^(1) _ ^(1) n^ 
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Also, the geometrical Einstein-like equations attached to the Lagrangian 
Ii4.5j^ (see \1 Oj/ . J^) are the same with the famous classical ones (associated to 
the semi-Riemannian metric ip^j{x)). In author's opinion, these facts suggest 
some kind of naturalness for the present abstract Lagrangian non-isotropic elec- 
tromagnetic and gravitational geometrical theory. 

Via some direct calculations, we easily deduce that the (t, x)-confornial de- 
formed Berwald-Moor metric (jl.ip produces null non-isotropic electromagnetic 
components: 

WJ 

It follows that our {t, a;)-conformal deformed jet Berwald-Moor geometrical 
electromagnetic-like theory is trivial. This fact probably suggests that the {t, x)- 
conformal deformed Berwald-Moor geometrical structure (jl.ll) has rather grav- 
itational connotations than electromagnetic ones. 

As a conclusion, it is possible for the recent Voicu-Siparov approach of the 
electromagnetism in spaces with anisotropic metrics (that electromagnetic ap- 
proach is different from the electromagnetic theory exposed above, and it is de- 
veloped in the paper |19) ) to give other interesting electromagnetic-geometrical 
results for spaces endowed with the Berwald-Moor geometrical structure. 

Open problem. The author of this paper believes that the finding of some 
possible real physical interpretations for the present non-isotropic Berwald-Moor 
geometrical approach of gravity and electromagnetism may be an open problem 
for physicists. 
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